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Abstract 

This article introduces improved estimators for assessing the population mean within the 

frame- work of simple random sampling (SRS), which incorporate two concomitant variables. 

Seven re- fined estimators are developed, and their mean 1squared error (MSE) is derived using 

linear approximation. The proficiency of these estimators is evaluated through real-world 

datasets and simulation studies. Their performance is benchmarked against existing 

preliminary estimators using MSE and relative efficiency in the form of percentages as key 

metrics. Empirical analysis confirms the theoretical findings, showing that the new estimators 

outperform existing alternatives. Both the theoretical and empirical finding indicates that the 

proposed estimators achieve reduced mean squared error and improved percentage relative 

efficiency (PRE) when evaluated against conventional approaches. 

Keywords: Estimators; MSE; Estimation; Efficiency; Population Mean; Concomitant 

Variables.
  

Introduction
 
 

In sampling survey, concomitant variables are often used to enhance the efficiency of estimates 

for finite parameters of the population i.e. mean, variance, and total. By effectively incorporating 

this information, more accurate and efficient sampling methods can be developed, surpassing 

those that ignore contextual data. Accurately determining a population’s representative value 

is crucial in various fields, including demographic analysis, clinical research, and economic 

studies. Many authors have proposed various estimators under SRS that utilize supplementary 

data to improve the accuracy of the estimation. Auxiliary variable was first introduced by 

Cochran [1] for ratio estimation. Ratio estimators demonstrate superior precision, when the 

study variable is positively correlated with the concomitant variables. Robson [2] introduced 

the product estimator, which outperforms the sample mean estimator when the correlation is 

negative. Similarly, to evaluate mean, Subramani and Kumarapandiyan [3] developed 

advanced ratio estimators by incorporating different parameters of the concomitant variables. 
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Utilizing supplementary information, Srivastava [4] suggested a power ratio estimator for the 

mean. Walsh [5] introduced estimator of ratio-type for the mean of population. Bahl and Tuteja 

[6] advanced the field by introducing ratio estimator in exponential form for the population 

mean. A generalized exponential ratio-type estimator was proposed by Singh et al. [7] for the 

mean. Several improved ratio estimators was proposed by Ijaz and Ali [8] for population mean 

estimation. Rao [9] and Grover and Kaur [10] proposed a regression-type estimator in 

exponential form. Utilizing dual concomitant variables, Sher et al. [11] introduced an 

exponential ratio-cum-product estimator for the finite population mean. An improved class of 

estimators for the mean was developed by Ahmad et al. [12] using probability proportional to 

size (PPS) sampling with two auxiliary variables. Furthermore, Ahmad et al. [13] proposed an 

enhanced estimator to evaluate the mean of a population by leveraging dual concomitant 

variables. The ideal ratio estimator is defined as one that minimizes variance or mean square 

error (MSE) compared to previously established estimators. 

In this paper, novel and precise families of population mean estimators are proposed that 

combine ratio and regression methodologies, building upon the foundational work in [10]. The 

aim is to develop improved estimators by utilizing population parameters, such as coefficients 

of variation, coefficients of correlation, and covariances of auxiliary variables, to boost the 

precision of the proposed estimators. As a result, this research explores the application of 

twain-supplementary data and to assess the efficacy of these enhanced estimators. 

Techniques and Terminologies 

A finite group encompass of N units, denoted as  1 2 3,e ,e ,...,e .NE e=  Random sample of size 
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The inclusion of various types of auxiliary variables, along with the research variable, not 

only reduces bias but also improves the efficiency of newly developed and modified 

estimators. 

 

Current Estimators 

 

In the case of SRS, the mean of unbiased estimator and its related variance is represented by 

the following mathematical expression: 

1
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A refined ratio estimator for mean was suggested by Sisodia and Dwivedi (1981), utilizing 

the coefficient of variation ( rC ) as a supplementary variable. The estimator and its MSE 

are formulated as: 
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By utilizing supplementary information to estimate the population mean, Ijaz et al. [15] 

introduced an innovative estimator based on the ratio method. The estimator and its MSE are 

as follows: 
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2 2 2

3( ) (1 )q qrMSE UQ C  = −                                                                 (6) 

Where d is any positive number greater than 1. 

Singh [16] investigated a ratio estimator, along with its MSE, which are presented as follows: 
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When the study and auxiliary variables are negatively correlated, Cochran [1] introduced 

product estimator to estimate the population mean. The formula for the standard product 

estimator and its MSE are as follows: 
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Dual estimators of the product and ratio types were proposed by Singh and Kumar [17], which 

are expressed as follows: 
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Kumar and Siddiqui [18] suggested a sophisticated group of regression-based estimators for 

population mean in the context of SRS, which is given by:
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Proposed estimator 

A novel class of modified integrated ratio and regression estimators for estimating the 

population mean, utilizing known parametric values, is introduced. The developed estimator 

surpasses all earlier estimators with respect to efficiency by yielding reduced variance or MSE 
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and enhanced population relative efficiency (PRE). The new estimator is defined as follows: 
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Here, the constants, 1 2 3, and   are selected to optimize the resulting MSE. The constant a 

serves as a generalization factor and may assume values derived from the known parameters 

of the auxiliary variables. By incorporating different auxiliary information, various estimators 

are generated. 

 Equation (17), in terms of error, formulated in Equation (18) 
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The simplified version of Equation  (18), presented in Equation  (19),is shown below  
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Equation (20) is modified by subtracting  Q  from both sides. 
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 Bias is expressed in Equation (21): 
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Equation (22) represented the MSE of suggested estimator: 
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On simplification, the MSE reduced to the expression: 
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To find the optimal values of 1 2 3, and   , Equation (23) is differentiated and the resulting 

expression is set equal to zero, i.e.
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By concurrently solving Equation (25), (27) and (29), the corresponding values of

1 2 3,   and    are shown in Equation (30), Equation (31) and Equation (32).
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By substituting the values of 1 2 3, and   into Equation (23), the MSE of 
1p  is obtained, as 

shown in Equation (33). 

 

1

2 2 2 2 2

2 2 2

2 2

2 2 2

2

2 2 2 2

16ABCQ - 4AE - 4BF - 

 4CD +4DEFQ + 4AB - 
1 1

( ) ( ) 4ACH - 2IDEG - 4BCG +
4 (4ABC AE )

4IBFG+4CDGH-D -2IDFH +

 4IAEH + E G -2EFGH + F H ]

P

Q Q

Q

MSE
BF CD DEF

 
 
 
  =
 − − − +
 
 
  

   

(33)     

Simplified form of MSE   
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Family of Proposed Estimators 

Table 1 presents the new and refined class of population mean estimators that integrate both 

ratio and regression methodologies. This approach utilizes supplementary population 

parameters, including correlation coefficients, coefficients of variation, and the covariances 

associated with concomitant variables, to boost the accuracy of the suggested estimators. 

Table 1: Different   members of proposed family estimators 
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Theoretical Comparisons 

Theoretical comparison between the proposed estimator and previous estimators has been 

made through the SRS technique. The findings indicate that the proposed estimators exhibit 

superior efficiency over existing estimators. The list of evaluated estimators is provided 

below. 

i)  Comparing Equation (34) with Equation (2):    
1 1( ) ( )pMSE MSE    iff  
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1 4( ) ( )PMSE MSE       

        

2 2 2 2

1 2

1
[ ][ ] [ 2 ] 0

4
q r qrUQ C C C   − + −     

(v) Comparing Equation (34) and Equation (10):      
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(vi) Comparing Equation (34) and Equation (12):   
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(vii) Comparing Equation (34) and Equation (14):      
1 7( ) ( )PMSE MSE      

              2 2 2 2

1 2

1
[ ][ ] ( 2 ) 0

4
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viii) Comparing Equation (34) and Equation (16):      
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Numerical Evaluation:  

Two distinct real world data sets are used to numerically evaluate the efficiency of the proposed 

estimators. Each dataset comprises Q as the study variable, with R and T serving as 

concomitant information. Data Set 1 is sourced from Singh [19], and Data Set 2 from MFA 

[20]. Tables 3 present the MSE and PRE values for both the previously established and newly 

developed estimators across these data sets. The results highlight that the suggested estimator 

surpasses the previous estimators, demonstrating optimal performance. 

 

Table 2: Real Data sets 

Parameters Data 1 Data 2 

N 61 97 

Q  7.46 3135.6186 

R  5.31 3050.2784 

T  179 2743.9587 

qC  0.8427929758 2.206218 

rC  0.8710338685 2.341196 

tC  0.5014977567 0.0458257 

qr  0.7373 0.8072 

qt  -0.2070 0.8501 

rt  -0.0033 0.6122 

 

Table 3: MSE and PRE values of previously established and newly developed estimators 

across two distinct data sets. 

 

S.No. Estimators Data1 Data 2 

MSE PRE MSE PRE 

1 
1  531.3779 100 991671048 100 

2 
2  254.5613 208.7426 409085741 242.4115 

3 
3  242.5149 219.1115 345526119 287.0032 
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Simulation 

Analysis 

 

A simulation 

analysis is carried 

out to assess the 

MSE and PRE of 

the proposed 

estimators against 

existing 

alternatives. The 

study consists of 

20,000 

simulations, 

derived from a 

multivariate 

normal distribution 

with a theoretical 

mean vector of µ = 

[5, 5, 8]. The 

simulated population comprises 800 observations, and in each iteration, samples of sizes n1 = 

150, n2 = 200, and n3 = 250 are drawn using SRSWOR. The estimator achieving the highest 

PRE is identified as the most efficient.  

 

 

Table4: The MSE and PRE metrics of existing and newly developed estimators obtained via 

simulation study. 

 n=150 n=200 n=250 

Estimators MSE PRE MSE PRE MSE PRE 

1  0.005236 100 0.003583 100 0.002627 100 

2  0.141553 3.698963 0.096864 3.699005 0.071023 3.698907 

3  0.006621 79.08031 0.004567 78.45602 0.003322 79.07349 

4  0.005236 100 0.003583 100 0.002627 100 

5  0.020691 25.30565 0.014174 25.27783 0.010377 25.3172 

6  0.001964 266.6128 0.001340 267.3961 0.000994 264.261 

7  0.032510 16.1056 0.022224 16.12226 0.016356 16.06234 

8  0.012658 41.3636 0.008669 41.33295 0.006349 41.38058 

1P  
0.001383 378.6613 0.000943 379.7757 0.000691 379.969 

2P  
0.001151 455.0428 0.000789 453.8444 0.000574 457.9614 

4 
4  257.908 206.0339 409353711 242.2529 

5 
5  1908.79 27.83846 3807297531 26.04659 

6 
6  606.0327 87.68139 401665301 246.8899 

7 
7  1963.878 27.05758 3869509744 25.62782 

8 
8  242.5149 219.1115 345526119 287.0032 

9 
1P  17.53645 3030.134 7243030 13691.38 

10 
2P  17.56865 3024.579 7243015 13691.41 

11 
3p  17.69877 3002.344 7243077 13691.3 

12 
4P  17.59196 3020.572 7243019 13691.41 

13 
5p  17.78116 2988.432 7243105 13691.24 

14 
6p  17.74129 2995.148 7243096 13691.26 

15 
7p  17.82346 2981.34 7243057 13691.33 
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3p
 

0.001134 461.6521 0.000778 460.4 0.000565 464.7086 

4P  
0.001169 447.7189 0.000802 446.5793 0.000583 450.488 

5p
 

0.001131 463.071 0.000776 461.8072 0.000564 466.1574 

6p
 

0.001132 462.7 0.000776 461.4393 0.000564 465.7787 

7p
 

0.000957 547.066 0.000657 545.0686 0.000476 552.1533 

 

Table 5: Numerical evaluation of the efficiency comparison-derived from conditions (i–viii) 

 

Proposed Estimators 

Condit

ion 

Da

ta 1P  
2P  

3p  
4P  

5p  
6p  

7p  

I 1 

513.841

4 

513.809

2 

513.679

1 

513.785

9 

513.596

7 

513.636

6 

513.554

4 

 2 

9916710

48 

9916710

48 

9916710

48 

9916710

48 

9916710

48 

9916710

48 

9916710

48 

ii 1 

237.024

8 

236.992

6 

236.862

5 

236.969

3 

236.780

1 
236.82 

236.737

8 

 2 

4090857

41 

4090857

41 

4090857

41 

4090857

41 

4090857

41 

4090857

41 

4090857

41 

iii 1 

224.978

4 

224.946

2 

224.816

1 

224.922

9 

224.733

7 

224.773

6 

224.691

4 

 2 

3455261

19 

3455261

19 

3455261

19 

3455261

19 

3455261

19 

3455261

19 

3455261

19 

iv 1 

240.371

5 

240.339

3 

240.209

2 
240.316 

240.126

8 

240.166

7 

240.084

5 

 2 

4093537

11 

4093537

11 

4093537

11 

4093537

11 

4093537

11 

4093537

11 

4093537

11 

v 1 

1891.25

35 

1891.22

13 

1891.09

12 

1891.19

8 

1891.00

88 

1891.04

87 

1890.96

65 

 2 

3807297

531 

3807297

531 

3807297

531 

3807297

531 

3807297

531 

3807297

531 

3807297

531 

vi 1 

588.496

2 
588.464 

588.333

9 

588.440

7 

588.251

5 

588.291

4 

588.209

2 

 2 

4016653

01 

4016653

01 

4016653

01 

4016653

01 

4016653

01 

4016653

01 

4016653

01 

vii 1 

1946.34

15 

1946.30

93 

1946.17

92 

1946.28

6 

1946.09

68 

1946.13

67 

1946.05

45 

 2 

3869509

744 

3869509

744 

3869509

744 

3869509

744 

3869509

744 

3869509

744 

3869509

744 

viii 1 

224.978

4 

224.946

2 

224.816

1 

224.922

9 

224.733

7 

224.773

6 

224.691

4 

 2 

3455261

19 

3455261

19 

3455261

19 

3455261

19 

3455261

19 

3455261

19 

3455261

19 
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Results and Discussions: 

This study presents a ratio-cum-regression exponential class of estimators tailored for 

evaluating the finite population mean under SRS by incorporating concomitant information. 

Two empirical datasets were employed to evaluate the efficiency of traditional and newly 

proposed estimators based on MSE and PRE criteria. The proposed family of estimators 

produces varied results depending on the different known parameters that are utilized, such 

as ,  ,  ,  ,  ,  qt qr qt rt rqr C C C C  . The following key observations are outlined: 

i. Table 3 demonstrates that all proposed estimators exhibit the least MSEs and 

the most significant PREs, when compared to existing estimators. This indicates 

that the proposed estimators significantly outperform their counterparts. 

ii. The suggested estimators produce varying results depending on the combination 

of different known parameters ( ,  ,  ,  ,  ,  )qt qr qt rtqr rC C C C  . 

iii. The suggested class of estimators achieves the lowest Mean Squared Errors 

(MSEs) and the highest Percentage Relative Efficiencies (PREs) across two 

real datasets. For the first dataset, parameter qt demonstrates higher PREs and 

the lowest MSEs, with values of 3030.134 and 17.53645.  For the second dataset, 

parameter qtC  attains the maximum PRE and the lowest MSE, with values of 

13691.41 and    7243015 respectively. 

iv. The theoretical efficiency criteria have been validated, as all numerical 

discrepancies are found to be greater than zero. 

v. The efficacy of the suggested estimators is highlighted in Table 4 through 

simulation analysis. The findings indicate that the entire seven proposed 

estimators exhibit the lowest mean squared error (MSE) compared to their 

competing counterparts. 

vi. The findings from the simulation experiments indicate that the proposed 

estimators yield optimal performance with respect to the parameter value  rC  
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across all datasets. 

Conclusion 

An advanced class of estimators is introduced for assessing the population mean, which 

integrates a ratio-cum-regression approach utilizing dual concomitant variables. Theoretical 

derivations of the bias and MSE for the proposed estimators are carried out using a linear 

approximation via Taylor series expansion and are compared with alternative estimators. 

Additionally, the proposed estimators are assessed both numerically and theoretically based 

on the percentage relative efficiency (PRE) and MSE criteria. For numerical evaluation, two 

real-world datasets and simulation studies are employed. The results, consistently demonstrate 

that the proposed estimators outperform their counterparts. Theoretical findings further 

substantiate that the proposed estimators exhibit greater efficiency in comparison with prior 

approaches. As a result, the proposed estimators are recommended for future surveys to 

achieve more enhanced precision and efficiency of the finite population mean, in contrast to 

the conventional estimators discussed in this study. 
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